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Abstract
We discuss a marginal deformation of the SL(2, R)×SU(2)×U(1)4 WZW model, which describes string
theory on AdS3 × S
3
× T 4, that corresponds to warping the S3 factor. This deformation breaks part of
the N = (4, 4) supersymmetry of the undeformed dual CFT to N = (0, 4) supersymmetry. In the spirit
of work by Giveon, Kutasov, and Seiberg, we construct the asymptotic spacetime symmetry algebra from
worldsheet operators and find a restoration of (4, 4) supersymmetry at discrete values of the deformation
parameter. We explain this result from various perspectives: the worldsheet, supergravity, and from the
singular D1-D5 CFT. The supergravity analysis includes an asymptotic symmetry computation of the
level of the affine SU(2) R-symmetry, which arises purely from B-field contributions.
1 Introduction and Summary
There are many reasons to believe that holography applies more broadly than just to anti-de Sitter space-
times. Indeed, recently holography has related certain non-relativistic CFTd to Schrodinger backgrounds in
d+1 dimensions [1–3], and spacelike warped AdS3 has made an appearance in the near horizon geometry of
extremal Kerr to which a dual CFT was conjectured [4]. As a relatively simple extension of AdS3, warped
AdS3 spacetimes appear to provide a useful playground for testing the bounds of holography [5, 6], but
an extension of the Brown-Henneaux analysis of asymptotic symmetries in AdS3 is challenging since the
formalism follows a ‘guess-and-check’ method for choosing interesting boundary conditions [7].
In an attempt to shed light on ‘interesting’ boundary conditions, the present authors considered an
embedding of warped AdS3 into an exact string background [6], where the full power of a worldsheet CFT
could be brought to bear. What we found was rather surprising: for irrational values of the warping
parameter (in appropriate units), the spacetime symmetries consist of a single Virasoro algebra, L¯stm, and a
commuting global U(1) charge Lst0 ; for rational values of the warping parameter, the full two-dimensional
conformal symmetry is restored.
The holographic interpretation of this phenomenon is unclear at present. The difficulty, of course, is that
the warping of AdS3 changes the asymptotics of the spacetime, corresponding to a deformation of the dual
theory by an irrelevant operator which therefore changes the ultraviolet fixed point, an operation that we
seemingly cannot understand via RG (though for the case of null-warped AdS3, it was understood through
appeal to certain additional symmetries [1]). In a similar setup, the authors of [8, 9] used the fact that
these backgrounds can be obtained as a TsT (s stands for “shift”) transformation acting on the undeformed
background to suggest that the dual theory is a dipole deformation of the original CFT, in analogy to
higher-dimensional constructions such as [10]. What symmetries are preserved by the deformation remains
unclear.
Here we opt to consider a deformation of the near horizon F1-NS5 system that is morally similar to
that of our previous work, but without changing the asymptotics of the noncompact directions of spacetime.
Beginning with an SL(2,R)×SU(2)×U(1)×U(1)3 WZW model (describing string propagation on AdS3×
S3 × S1 × T 3), we modify the action by an exactly marginal deformation of the form [11]
∆S ∝ h
∫
d2z K3(z)∂¯ϕ(z¯) , (1.1)
where K3(z) is a holomorphic current from the SU(2) sector of the theory and ϕ is a coordinate on the S1.
This has the effect of warping the S3 while simultaneously fibering the S1 over the newly-warped S3. Calling
the total space of that bundle X4, our spacetime becomes AdS3 × X4 × T 3 (This is the same procedure
we followed in our earlier paper, but there K3 was replaced by J3, a current from the SL(2,R) sector).
Deformations of the NS5-F1 system from an exact worldsheet CFT point of view have been addressed in
the past [12–14], and dealt with a slightly different kind of marginal operators. A subset of these worldsheet
conformal field theory deformations admits an interpretation either as a geometric deformation of the NS5-
brane system or as a deformation of the distribution of the F1-branes, viewed as smooth instantons, inside
the wrapped NS5-brane worldvolume.
Following the work of [15–17], we can identify operators in the worldsheet CFT that correspond to the
spacetime asymptotic symmetry generators. Since this deformation does not involve the SL(2,R) sector of
the theory, it does not affect the asymptotics of the noncompact directions of spacetime; we therefore have
two commuting Virasoro algebras regardless of the value of h. On the other hand, the deformation does
affect the SU(2) sector of the theory, generically breaking the affine ŜU(2)× ŜU(2) of the dual (spacetime)
CFT to Û(1) × ŜU(2). Since the affine ŜU(2)2 plays the role of the R-symmetry of the dual (4, 4) SCFT
(see [18] and [19] for a review), this implies that the dual supersymmetry is also generically broken — in
fact, it’s broken to (0, 4) even though the R-symmetry analysis could have allowed a (2, 4) superconformal
algebra. However, as in our study of warped AdS3, we find a restoration of the dual supersymmetry to (4, 4)
whenever the warping parameter h is integral in appropriate units. From the ten-dimensional viewpoint, the
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meaning of this enhancement is perfectly clear as one can see that it is precisely at these points that X4 can
be written globally as a product of S3 and a circle (with a different radius than the original S1). On the
other hand, if one were to dimensionally reduce and truncate to a three-dimensional theory on AdS3, the
enhancement would be unexpected since the SU(2) gauge fields of the undeformed theory become massive
when h 6= 0. What is happening is the same as in the usual story of string compactifications on a circle: one of
the higher Kaluza-Klein modes of each of the gauge fields, which were massive when h = 0, become massless
at each enhancement points. We explain this in detail is section 4. From the viewpoint of the dual CFT, we
are turning on a deformation of the theory that breaks (4, 4) supersymmetry to (0, 4), but (re-)enhances to
(4, 4) at special values. We demonstrate exactly how this enhancement occurs in the singular D1-D5 SCFT,
finding that the deformation can be equivalently realized as a mixing between the Z-orbifold defining one of
the T 4 coordinates with phase rotations of the fermions. The special values of the deformation parameter
correspond to those points where the fermions (and hence the supercurrents) are invariant under the action
of this Z-orbifold.
In section 2, we setup the supergravity background and check the dependence of supersymmetry on the
deformation parameter. In section 3, we use worldsheet techniques to find the dependence of the spacetime
ŜU(2) R-symmetry on the deformation parameter, commenting on the construction of spacetime super-
charges from worldsheet operators. In section 4, we discuss how a naive dimensional-reduction and trun-
cation to three-dimensions is blind to the supersymmetry enhancement and explain how to properly view
the three-dimensional picture. In section 5, we describe the deformation of the singular D1-D5 CFT that
corresponds to warping S3 and show how supersymmetry is restored at quantized values of the deforma-
tion parameter. In section 6, we summarize our results and discuss future directions. Finally, it’s worth
mentioning that in appendix B.1, we perform an asymptotic symmetry analysis to properly calculate the
level of the asymptotic affine ŜU(2) symmetry. As is required by supersymmetry, the level is c6 =
ℓ
4G3
;
interestingly, unlike the Brown-Henneaux calculation and the other calculations of central terms with which
we are familiar, the level arises entirely from B-field contributions rather than metric contributions.
2 Setup and SUGRA Analysis
A fundamental string living in the near-horizon geometry of the F1-NS5 system (geometricallyAdS3×S3×T 4)
is described by an SL(2,R)× SU(2) × U(1)4 WZW model [20–24]. The deformation we’ll study acts only
on an SU(2)× U(1) factor of the WZW model:
∆S ∝ h
∫
d2z K3(z)∂¯ϕ(z¯) , (2.1)
where K3(z) is a holomorphic current from the SU(2) sector of the theory and ∂¯ϕ(z¯) is an antiholomorphic
current from the U(1) sector (ϕ is a coordinate on an S1 with radius R). This has the effect of warping the
S3, which we denote by S˜3, while simultaneously fibering the S1 over the S˜3. Calling the total space of this
bundle X4 (S
1 →֒ X4 π−→ S˜3), our spacetime becomes AdS3×X4×T 3. The metric of X4 can be written as
ds2X4 =
k
4
[
dβ2 + sin2 βdα2 + (1 − h2)(dγ + cosβdα)2]+ [√k h
2
(dγ + cosβdα) + dϕ
]2
, (2.2)
where h ∈ [0, 1). The undeformed WZW model already had a B-field whose flux, H3, was a linear combina-
tion of the AdS3 and S
3 volume forms. The deformation modifies this to
B = BAdS3 +
k
4
cosβdα ∧ dγ + σ
√
kh
2
(dγ + cosβdα) ∧ dϕ ,
H3 = HAdS3 −
k
4
sinβdβ ∧ dα ∧ dγ − σ
√
kh
2
sinβdβ ∧ dα ∧ dϕ , (2.3)
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where σ = 1 (if we instead deformed by K3∂ϕ, then σ would be −1, an important distinction particularly
for the heterotic theory where the sign of σ determines how much spacetime supersymmetry will be broken
by the deformation).
The simplicity of this deformation is that the effect on the worldsheet CFT can be entirely understood
as a rotation on the toroidal lattice defined by ϕ and by the scalar one obtains from bosonizing K3 [11]
(essentially the coordinate on the S1 ⊂ S3 of the Hopf fibration). This is reflected in the fact that the metric
(2.2) is locally isomorphic to S1 × S3. This can be seen by defining the new variables
ϕ′ =
√
1− h2ϕ , γ′ = γ + 2h√
k
ϕ , (2.4)
where the identifications γ ∼= γ + 2π and ϕ ∼= ϕ+ 2πR become
γ′ ∼= γ′ + 2π , (γ′, ϕ′) ∼= (γ′, ϕ′) + 2πR
(
2h√
k
,
√
1− h2
)
. (2.5)
In particular, notice that whenever 2hR√
k
∈ Z the second identification only acts nontrivially on ϕ′ so that X4
is globally isomorphic to S3×S1, but the radius of this S1 is R√1− h2, different from the fibered S1. Another
special case occurs when 2hR√
k
∈ Q; calling 2hR√
k
≡ µρ , we see that the theory is a Zρ-orbifold (with discrete
torsion from a total derivative term) of an undeformed theory with S1 radius µR
√
1− h2. The action of Zρ
extends to the full F1-NS5 system and so in these cases the dual can be understood as a Zρ-orbifold of an
undeformed theory with a different S1 radius.
One can also analyze the supersymmetry of the background, which is virtually the same as the analysis
in [6]. The vanishing of the ϕ component of the IIA gravitino variation implies(
∂ϕ +
h√
k
(1± σ)Γ1ˆ2ˆ
)
ε± = 0 , (2.6)
where the vielbein directions are e1ˆ =
√
k
2 dβ and e
2ˆ =
√
k
2 sinβdα. One of the Killing spinors, εσ, will then
only be globally well-defined (invariant under shifts of ϕ) when
2hR√
k
∈ Z , (2.7)
otherwise half of supersymmetry is broken for IIA so that the (4, 4) supersymmetry of the dual SCFT will be
broken to (0, 4) supersymmetry. In the heterotic case, we only have one of the ε± spinors to begin with, so
depending on the sign of σ, either no supersymmetry is broken or all of supersymmetry is broken when (2.7)
fails to hold. Type IIB has the same qualitative results as IIA. Not surprisingly, we see that the condition
for unbroken supersymmetry is equivalent to the condition that X4 be globally isomorphic to S
3 × S1.
3 Deformed WZW Model and Spacetime ŜU(2)
The situation in this case is simpler than for warped AdS3, particularly because the spectral flow in SU(2)
WZW theories is an inner automorphism, so it won’t mix representations (for example, see [22]). Following
[6], deforming the theory by a spacelike current results in a Lorentzian rotation of the charge lattice defining
primary operators. We find the analysis simplest by using the BRST formalism for the coset CFT [25, 26];
in order to keep the analysis more clear, we will focus on the bosonic case, but the results carry over simply
to the supersymmetric case, as they did in [6].
We can express an SU(2)k WZW model as a discrete quotient of
(
SU(2)k/U(1)
) × U(1), where the
U(1) in the numerator is generated by the K3 that we use in the deformation. We then realize the coset
SU(2)k/U(1) as
(
SU(2)k × U(1) × (bc)
)
/ ∼, where (bc) is a ghost system with weights 1 and 0 (not to be
confused with the ghosts necessary for gauge-fixing worldsheet gravity) and ∼ is defined through a BRST
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operator QG/H (again, this BRST operator is in addition to the BRST operator defining the physical states
in the full string theory). The Û(1) of the BRST formulation, generated by K̂H , must have “level” −k2 ,
opposite that of K3. We bosonize the currents K3 = i
√
k
2 ∂Y and K̂H = i
√
k
2 ∂T , with Y a spacelike boson
and T a timelike boson. The BRST operator for the coset theory can then be expressed as
QG/H ≡
∮
dz
2πi
:c
(
K3 + K̂H
)
: . (3.1)
A primary state in the BRST formulation is annihilated by cn>0, bn≥0, Kan>0, and K̂H,n>0. Thus, a physical
primary state without ghost excitations must have equal and opposite eigenvalues of K30 and K̂H,0.
First, let’s take a brief look at the undeformed case. In order to have (1, 0) holomorphic operators which
can be used to construct spacetime currents we must set j = 0 = m¯ = N (where j2 is the “spin” of the
representation, m and m¯ are the J3 and J¯3 eigenvalues, and N and N are the number of oscillators excited).
SU(2) representations with j = 0 have m = 0, so the most general operator we can construct from the
SU(2)× U(1) sector is[
a∂Y + b+K+e−i
√
2
k
(T+Y ) + b−K−ei
√
2
k
(T+Y ) + c∂T + d∂ϕ
]
, (3.2)
where ϕ generates the additional Û(1) and has radius R (we will only consider generic R, where we need
not worry about enhancements such as at the self-dual radius). These currents can then be lifted to affine
spacetime currents if we multiply them by an appropriate operator from the SL(2,R) sector of the theory,
given by Vm˜e−im˜
√
2
k
(φt+φs) (for their exact form, see the Appendix D of [6]).
Deforming our theory by adding to the Lagrangian an operator proportional to K3∂ϕ will change the
conformal dimension of (3.2), so we modify it by multiplying by eipLϕL+ipRϕR . The deformation induces a
rotation on the charge lattice(
m
pR
)
7−→
(
m′
p′R
)
=
 m coshα+√k2pR sinhα
pR coshα+
√
2
km sinhα
 (3.3)
where pL,R =
p
R± wR2 , p corresponds to S1 momentum and w to S1 winding, and the deformation parameter
h is related to α by
cosh2 α =
1
1− 2h2 . (3.4)
The operators of the deformed theory include terms of the form ei
√
2
k (m
′ŶL+m
′ŶR)+ip′Lϕ̂L+ip
′
Rϕ̂R , where Ŷ
and ϕ̂ have canonical OPEs. For holomorphy, then, we should set m′ = m = 0 and p′R = 0, or
pR = −
√
2
k
m tanhα . (3.5)
Restricting to the sector with no winding, w = 0, then pL = pR and these vertex operators become
ei
√
2
k
m sechα ŶL−i
√
2
k
m tanhα ϕ̂L . (3.6)
We can simplify further by defining a new set of operators (Y˜ , ϕ˜) as
Y˜ = sechα Ŷ − tanhα ϕ̂ , ϕ˜ = sechα ϕ̂+ tanhα Ŷ , (3.7)
so the operators (3.6) reduce to
ei
√
2
k
mY˜L . (3.8)
For the purposes of identifications, we can schematically relate the new variables to the old ones as
Y˜L = YL −
(
ϕL + ϕR
)
tanhα , ϕ˜L = ϕL sechα− ϕR sinhα tanhα+ YL sinhα ,
Y˜R = YR coshα+ YL sinhα tanhα− ϕR sinhα , ϕ˜R = ϕR +
(
YR − YL
)
tanhα . (3.9)
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Thus, the original identifications become(
Y˜L, Y˜R; ϕ˜L, ϕ˜R
) ∼= (Y˜L, Y˜R; ϕ˜L, ϕ˜R)+ 2π√k2 (1, 2 coshα− sechα; sinhα, 0)
∼= (Y˜L, Y˜R; ϕ˜L, ϕ˜R)+ πR(− 2 tanhα,− sinhα; sechα, 1) . (3.10)
Since tanhα =
√
2h, the operators (3.8) will be well defined for any m ∈ Z under the second identification
when
2hR√
k
∈ Z , (3.11)
which is the same condition obtained before from the supergravity analysis. When this condition holds,
we can build generators of a worldsheet ŜU(2)k out of ∂Y˜ , K
+e−i
√
2
k
(T+Y˜L), and K−ei
√
2
k
(T+Y˜L), all of
which survive the identifications (3.10). When 2hR√
k
≡ µρ ∈ Q, the operators (3.8) will be well-defined for
m ∈ ρZ, however there is no operator in ŜU(2)k/Û(1) with the correct conformal dimension that can be
paired with (3.8) when ρ 6= 1 (indeed, for m2 > k this operator would need to have negative conformal
dimension). Therefore, for a generic deformation we cannot construct spacetime charges from the operators
(3.2) unless b± = 0, then instead of having two copies of ŜU(2) in the spacetime SCFT we are left with only
Û(1)× ŜU(2). Since the SU(2) symmetry acts as the R-symmetry of the dual theory, we expect some of the
spacetime supersymmetries to be broken as well, in agreement with section 2.
The same computation as in [15] (explained more throughly in [27] and [16]) demonstrates that the level
of the spacetime ŜU(2) receives a contribution of k for each time the worldsheet wraps the spatial S1 of
AdS3 — the interpretation is that the worldsheet acts as a domain wall in the AdS3 background, with
discontinuity in the level of the spacetime ŜU(2) given by k× (winding). The contribution to the level of the
spacetime ŜU(2) from this discontinuity is separate from the contribution made by the original background;
the discontinuity arises from long strings probing the background, while the original background creates
contributions visible to local metric fluctuations or, equivalently, to short strings. A supergravity asymptotic
symmetry analysis (in the vein of Brown and Henneaux) is a study of metric fluctuations; a computation
of the equivalent affect from the viewpoint of short strings was begun in [16, 27], but only completely very
recently in [28] for the Virasoro central charge. In appendix B.1, we perform an asymptotic symmetry
analysis on the supergravity background and obtain the result expected from the (4, 4) supersymmetry of
the dual, namely kst =
cst
6 =
ℓ
4G3
. The novel feature of the analysis is that the value for the level comes
entirely from contributions of the B-field, unlike typical computations for Virasoro central terms which only
receive contributions from the metric.
The construction of spacetime supersymmetries from worldsheet operators parallels the discussion in [6].
The main difference is that in the present case we will define the rotated fermions analogously to (3.7),
winding up with a pair of rotated fermions Ψ˜3 and Ψ˜Z . We could either choose to bosonize the pair
(Ψ˜3, Ψ˜ϕ), or we could bosonize Ψ˜3 with some other fermion (e.g., one of the free fermions of the SL(2,R)
WZW model), the conclusion will be the same: the existence of spacetime supercharges constructed from
holomorphic worldsheet operators is only possible if 2hR√
k
∈ Z. Therefore, any generic deformation will break
half of the supersymmetries in type II theories, in agreement with our supergravity analysis.
4 Spacetime Gauge Fields from WS Currents
We have seen from the worldsheet and from ten-dimensional supergravity that there is an enhancement of
the symmetry of the dual theory whenever 2hR√
k
∈ Z. In particular, there is an enhancement of a U(1) factor
to an SU(2). Holography tells us that from the perspective of the dimensionally-reduced three-dimensional
theory on AdS3, there must be massless SU(2) gauge fields at these enhancement points, and that two of the
gauge fields must become massive as we move away from the points of enhancement. We will demonstrate
that this is the case and compute the masses using worldsheet techniques.
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It is well known that whenever we have holomorphic (1, 0) currents in a worldsheet theory, these give rise
to gauge fields in spacetime. In a CFT that is Rd ×Mint, a (1, 0) holomorphic current K(σ) in the internal
CFT leads to a target-space gauge field
Aµ[X(σ)] ∝
∫
ddk d2σ eik·X(σ)A˜µ(k)K(σ)∂¯Xµ(σ) δ(k2) , (4.1)
where the delta-function in k2 is necessary to ensure that the operator is marginal. This vertex operator thus
corresponds to a massless vector field. If we deform the internal CFT by an exactly marginal deformation,
the dimension of K may change to, say, (1 + γ, γ), in which case the vertex operator must be modified to
Aµ[X(σ)] ∝
∫
ddk d2σ eik·X(σ)A˜µ(k)K(σ)∂¯Xµ(σ) δ(k2 + 2γ) (4.2)
in order to be marginal, so the gauge field acquires a mass
m
2 ∝ 2γ . (4.3)
4.1 Gauge Fields in AdS3
Now we’d like to replace Rd by AdS3. For this, we use the results and notation from appendix A. The
isometry group of AdS3 is composed of the Lorentz generators L as well as would-be translations R. R
2 is
the Laplacian 1Λ∇2, so its eigenvalue r is directly related to m
2
Λ . To get the precise relationship, consider the
equation of motion for a massive vector field
∇2Aµ −∇ν∇µAν −m2Aµ = 0 , (4.4)
which implies that m2∇µAµ = 0. If m = 0, this condition tells us nothing, but we then have a gauge
invariance that we can partially fix by choosing ∇µAµ = 0, so for any m we can simplify this equation to
∇2Aµ − (2Λ +m2)Aµ = 0 , (4.5)
where Λ is the cosmological constant. Thus, we find that r = 2 + m
2
Λ .
We can now discuss gauge fields in AdS3. We would like to write down
A[X(σ)] ∼
∑
j,j¯,m,m¯,N,N
cjj¯mm¯NN
∫
d2σK Vjj¯mm¯NN , (4.6)
where V is a tensor of the SL(2;R) WZW model with “spins” j2 and j¯2 , J3 and J¯3 have eigenvalues m and
m¯, and oscillator excitations are denoted by N and N . For this to be a vector of the Lorentz group, we must
set −4j(j − 1) = r− 2 and m+ m¯ = µˆ ∈ {−1, 0, 1} (see appendix A). This operator should be marginal to
correspond to a physical excitation of the theory, so we have
∆L = 1− j(j − 1)
k − 2 +N =
r− 2
4(k − 2) +N = 1 , (4.7)
∆R =
r− 2
4(k − 2) +N = 1 . (4.8)
We should evidently set r = 2, N = 0, and N = 1. Considering the above identification of r = 2 + m
2
Λ , we
see that this indeed corresponds to a massless gauge field:
Aµˆ[X(σ)] =
∑
m
cµˆm
∫
d2σK Vj=j¯=1,m,m¯=µˆ−m,N=0,N=1 . (4.9)
The deformed case is now straightforward, but before we proceed let’s promote our theory to a super-
conformal WZW model, which implies we must replace the factor of (k − 2) appearing in denominators by
6
k. For the case that the internal SCFT is a deformed SU(2)× U(1) WZW model, the SU(2) currents K±
have their dimensions deformed by1
∆(K±) : (1, 0) −→ (1 + 1k sinh2 α, 1k sinh2 α) . (4.10)
Working in the NS-NS sector and 0-picture, we can write the spacetime gauge field in the same way as (4.9),
except that the condition of being marginal now imposes
∆L = 1 +
1
k
sinh2 α+
r− 2
4k
+N = 1 , (4.11)
∆R =
1
k
sinh2 α+
r− 2
4k
+N = 1 . (4.12)
We should still choose N = 0 and N = 1 so that this has the appropriate α→ 0 limit. We see then that
r− 2 = m
2
Λ
= −4 sinh2 α , (4.13)
so our gauge fields gain the mass m = 2
√|Λ|| sinhα| =√|Λ| 2√2h1−2h2 as we deform, never to be massless again.
To summarize, we have found that we have a set of spacetime SU(2) gauge fields, A3,A±, that are
massless when α = 0 but that reduce to a massless U(1) gauge field A3 and two massive gauge fields A±
with m = 2
√|Λ|| sinhα|. When α = 0, we know that these gauge fields are dual to the SU(2)R current of
the dual CFT, but for all other α 6= 0 they cannot be because the A± are massive. On the other hand,
we know from both a worldsheet analysis and a ten-dimensional supergravity analysis that supersymmetry
exists whenever 2hR√
k
∈ Z, so there should be massless SU(2) gauge fields at these enhancement points. From
the earlier analysis, we know that when 2HR√
k
∈ Z, the operators e±i
√
2
k
Y˜L are allowed by the identifications
and we can use them to construct an affine ŜU(2) algebra on the worldsheet at level k, giving rise to massless
vectors in the spacetime theory. As we move away from this point of enhanced symmetry, these gauge fields
again become massive while other massive gauge fields are approaching zero mass as we move towards the
next point of enhancement. In looking more directly at spacetime supersymmetry, one could perform a
similar analysis for the spacetime gravitino and would find the same result: the gravitino becomes massive
as we move away from α = 0, but at enhanced points a previously-massive gravitino mode will become
massless and restore supersymmetry.
This effect would be missed from a naive dimensional reduction and truncation to three-dimensions
around the undeformed background. What is happening is that the KK modes of the gravitino (and gauge
fields) that we typically ignore in such a truncation have masses that vary continuously with our tuning of
h. Whenever 2hR√
k
∈ Z, one of the modes will be massless, but it will not be the mode that we would have
kept when we expanded around h = 0. From the higher dimensional point of view, what is happening at
these points is that the S1 bundle over warped S3 becomes expressible simply as a product Sˆ1 × S3, where
Sˆ1 has a different radius than the S1 of the fibration. At these points, we could have instead chosen Sˆ1
for our KK-reduction/truncation, in which case we would have seen the supersymmetry restoration. This is
morally analogous to the enhancement seen when one tunes an S1 to the self-dual point.
5 Deforming the Dual SCFT
We have now understood the supersymmetry enhancement from both the worldsheet and spacetime per-
spectives, but understanding the enhancement from the dual CFT remains. Evidently, we can turn on a
1In the undeformed theory, we can write J± ∝ ψ±e±i
√
2/kYL , where ψ± is a parafermion of weight 1 − 1k (see section
3). After deforming, the holomorphic part of Y transform as YL → YL coshα − ϕR sinhα, so the weights of the deformed J±
become ∆L(J
±) = 1 + sinh
2 α
k
and ∆R(J
±) = sinh
2 α
k
.
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marginal operator in the dual that breaksN = (4, 4) supersymmetry toN = (0, 4), but when the deformation
parameter takes certain quantized values, N = (4, 4) is restored.
To see this qualitative effect from the dual CFT, we will study the singular D1-D5 SCFT, which is given
simply by a symmetric product of Q1Q5 copies of the free N = (4, 4) SCFT on T 4: (T 4)Q1Q5/SQ1Q5 , where
Qa is the number of Da-branes [18, 29, 30] (this is at a different point in the N = (4, 4) moduli space than
the dual of the D1-D5 background [30], but for our purposes it will be sufficient). The undeformed action is∫
d2x
{
∂X iA∂¯X
i
A + ψ
i
A(x)∂¯ψ
i
A(x) + ψ˜
i
A(x¯)∂ψ˜
i
A(x¯)
}
, (5.1)
where X iA are coordinates on the A
th T 4 and ψs are superpartners. Fields can be organized according to
their charges under SU(2)R×SU(2)R (from S3 isometries in the bulk), SO(4) (from the local T 4 isometries,
even though they’re broken by global identifications), and under the Virasoro algebra of the dual theory.
Fortunately, we know what all of these quantum numbers are for the operator by which we deform: under
SU(2)R × SU(2)R it transforms in the (3,1) with J3R eigenvalues (0, 0), under SO(4) it transforms in the
4, and it must have conformal dimensions (hst, h¯st) = (1, 1).
2 A natural choice is then
∫
d2xJ3R(x)J¯(x¯),
where J3R is a holomorphic R-symmetry current and J¯ is an antiholomorphic dimension (0, 1) current that
transforms in the (0, 1) of SO(4).3 For some vector Vi, we can identify J¯ with
∑
A iVi∂¯X
i
A; for this qualitative
analysis, it won’t matter exactly what Vi is.
Recalling that J3R can be written in terms of free fields as [19]
J3R =
1
2
∑
A
(
χ+Aχ¯
+
A − χ−Aχ¯−A
)
, (5.2)
where χ+A ≡ 1√2 (ψ1A + iψ2A) and χ
−
A ≡ 1√2 (ψ3A + iψ4A), the action for the holomorphic fermions becomes
2
∑
A
∫
d2x
{
χ+A∂¯χ¯
+
A + χ
−
A∂¯χ¯
−
A − ih˜
(
χ+Aχ¯
+
A − χ−Aχ¯−A
)∑
B
(
Vi∂¯X
i
B
)}
, (5.3)
but we can remove the deformation by rotating the fermions
χ±A −→ χ′±A ≡ e±ih˜Vi
∑
B
XiBχ±A . (5.4)
Being coordinates on T 4, we have four identifications X iA
∼= X iA + 2πRijnj where ~n ∈ Z4, but we can
always rotate by SO(4) to choose coordinates where R1j = R
1δ1j . In these coordinates, we can choose
Vi = δ
1
i since our goal is to show that their exists an operator in the dual with the correct quantum numbers
that reproduces the qualitative features of supersymmetry enhancement. Under this identification, when
X1B → X1B + 2πR1 we see that
χ′±A → e±2πih˜R
1
χ′±A (5.5)
for all A. With these free fields, we can write the complex supercurrents as G+ ∝∑A (χ′+A ∂Z−A − χ¯′−A ∂Z+A),
G− ∝ ∑A (χ′−A ∂Z−A + χ¯′+A ∂Z+A), as well as the other R-symmetry currents as J±R = ∑A χ′±A χ¯′∓A , where
Z± are defined similarly to χ±. These operators will satisfy the N = 4 superconformal algebra, but we
see immediately from (5.5) that under a shift along X1, Ga and J±R are not invariant and therefore are
projected out of the spectrum of the theory, unless h˜R1 ∈ Z in which case they survive the projection and
supersymmetry is restored. This is the same qualitative result we obtained from the bulk viewpoint.
2These can be seen either directly from the worldsheet operators, or by acting on the deformations of the metric and B-field
with the Lie derivatives corresponding to each isometry.
3More generally, we could choose an operator of the form
∫
d2x
(
J3R(x)
)
A
ΩAB
(
J¯(x¯)
)
B
where (J)A refers to the current J
on the Ath T 4 and Ω commutes with SQ1Q5 . The supersymmetry enhancement will happen when the entries of Ω are rational
multiples of each other, and we can always find an Ω satisfying these properties, as the choice made in the text does. On the
other hand, for choices of Ω other than the one in the main text, the (local) supercurrent will transform inhomogeneously under
a shift along a single T 4, which seems unnatural to us.
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6 Discussion
Since the advent of the AdS/CFT correspondence, many steps have been taken towards describing more
realistic field theories, for example by breaking supersymmetries or attempting to break conformal invariance.
One such example is the Lunin-Maldacena deformation of AdS5 × S5 [31], which describes a marginal
deformation of N = 4 SYM to an N = 1 theory. The dual gravity background is obtained as a TsT
transformation that acts on two commuting isometries of the S5, resulting in a squashed sphere whose
U(1)×U(1) isometries realize the R-symmetry of the gauge theory geometrically. Another set of applications
that have emerged in recent years (with applications to Kerr/CFT or holographic condensed matter, for
instance) involve non-AdS spaces in a crucial way, but the dual theory in those cases is harder to identify
and study (see however [32–34] and [1, 35]). In the former situation, a full string theory description on the
gravity side is not readily available due to intricacies of the AdS5 × S5 sigma model, although checks of the
correspondence (namely the spectra) have been performed and the presence of integrable structures have
been proposed on both sides [36–38]. In the latter, the string theory side is potentially easier to grasp, being
related to the D1-D5 system, but the resulting deformation on the gauge theory side is somewhat peculiar
to handle due to the warping of the near-horizon AdS3 factor.
This paper aimed at addressing an intermediate situation in which a simple worldsheet description is
available on the gravity side and tracking the deformation of the corresponding gauge theory is fairly
straightforward. The deformation of the compact part of the background we considered — obtained as
an exactly marginal asymmetric deformation of the SU(2)×U(1)4 WZW worldsheet theory — can be seen
as an AdS3/CFT2 counterpart of the Lunin-Maldacena deformation of AdS5 × S5.4 Similar to its higher-
dimensional counterpart, the compact background resulting from deforming the SU(2)×U(1) WZW model
can also be obtained as a TsT transformation that acts on the undeformed S3 × T 4 background (details on
the relationship between TsT transformations and current-current deformations will be presented elsewhere).
Here, however, the origin of supersymmetry breaking in the spacetime dual gauge theory was seen directly
from the spectrum of worldsheet operators in the deformed theory, and we identified a marginal operator
in the dual theory that yields the same qualitative effect of supersymmetry breaking/enhancement as the
marginal deformation of the worldsheet theory creates.
The same enhancement of supersymmetry was observed in warped AdS3 spaces, and an additional pe-
culiar enhancement of spacetime Virasoro algebras (from one to two) occurred at rational values of the
deformation parameter 2hR√
k
[6]. In recent work [39], it was shown that in a two-dimensional field theory
with left global scaling symmetry there always exists a left conformal symmetry, along with either a right
conformal symmetry or a left affine current algebra — it would be interesting to understand whether there’s
any relation between these two observations. In particular, understanding the latter case is of direct interest
to the conjectured duality between warped AdS3 spaces and a two-dimensional CFT [5], and also to the
Kerr/CFT correspondence [4]. A possible approach to clarify the situation would be to add probe branes to
the deformed background since, generally, probe computations provide relevant information on the deformed
dual gauge theory.5 In particular, in other contexts it appears to be a generic feature that additional D-brane
probe configurations appear at specific rational values of the TsT deformation parameter, corresponding to
new branches of vacua on the gauge theory side [10]. It would be interesting to investigate the counterpart
of this phenomenon in the D1-D5 or F1-NS5 system.
A more general and ambitious objective would be to relate worldsheet and spacetime CFTs in more
general contexts, in particular when the worldsheet theory is not described by a WZW model. For instance,
the pure spinor formalism has made it possible to construct a quantizable sigma model for superstrings in
an AdS5×S5 [40–44], so string theory in the Lunin-Maldacena background might be viewable as an exactly
marginal deformation of the AdS5 × S5 worldsheet theory [36]. The usual approaches, however, deal with
4Though, strictly speaking, the equivalent of the Lunin-Maldacena deformation would have been a symmetric deformation,
preserving a U(1) × U(1) isometry rather than SU(2) × U(1).
5We thank E. Imeroni for pointing this out to us.
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semi-classical strings and don’t identify the marginal worldsheet operators responsible for the deformation.
A potential intermediate step might be to consider strings on AdS3 × S3 with R-R fluxes, building on [45],
by studying the possible marginal deformations of the worldsheet CFT that could deform the background
to WAdS 3 × S3 or AdS3 ×WS3, still supported by R-R fluxes rather than NS-NS fluxes.
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A Representations of SO(2, 2)
In the SL(2;R) WZW model approach, representations of so(2, 2) ∼= sl(2;R)⊕ sl(2;R) are written in terms
of SL(2;R)2 quantum numbers. This is slightly inconvenient for understanding the relation with spacetime
fields of definite spin since the transformation properties of such a field are defined in terms of representations
of the Lorentz subgroup SO(1, 2) ⊂ SO(2, 2). It is therefore important to understand how to relate SO(1, 2)
quantum numbers to those of SL(2;R)2.
We can recast the SO(2, 2) algebra by realizing AdS3 as a hyperboloid in R2,2. The generators are then
given in terms of the usual (2 + 2)-dimensional Lorentz generators Mab and Ma4, where a, b, . . . = 1, 2, 3.
The metric in R2,2 is taken to be ηmn = diag(1, 1,−1,−1) where m,n, . . . = 1, 2, 3, 4. Defining
L1 ≡M31 , L2 ≡M32 , L3 ≡M12 , (A.1)
R1 ≡ −M24 , R2 ≡M14 , R3 ≡M34 , (A.2)
we have the commutation relations
[La, Lb] = iǫ
c
ab Lc , [La, Rb] = iǫ
c
ab Rc , [Ra, Rb] = iǫ
c
ab Lc , (A.3)
where ǫ cab are the sl(2;R) structure coefficients. Note that the AdS scale is hidden in R via R
2 = 1Λ∇2.
Then the generators of sl(2;R)⊕2 are simply
J = 12
(
L+R
)
, J¯ = 12
(
L−R) . (A.4)
The canonical quantum numbers to choose for an SL(2;R) WZW model are J2, J3, J¯2, and J¯3. However,
since we are interested in writing a vertex operator corresponding to a vector field in spacetime, we want to
use a set of quantum numbers containing L2 and L3. It turns out that a maximal set is then L
2, L3, R
2,
and L · R. Since we are interested in a vector representation of the Lorentz subgroup SO(1, 2), we want
a three-dimensional representation. Choosing the La to be Hermitian, there exists a spin 1 representation,
l = 1 (L2 = −2l(2l−1) = −2), though it is not always mentioned in constructions of SL(2;R) representations
because it contains a negative norm state (as it should, since η33A3A3 ≤ 0).
Setting l = 1 and µˆ = −1, 0, 1, therefore corresponds to a field that transforms as a spacetime vector.
We also have to specify R2 and L ·R quantum numbers, which we will call r and s, respectively, so that we
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can decompose
Ul=1,µˆ,r,b =
∑
j,j¯,m,m¯
cl=1,µˆ,r,s
jj¯mm¯
Vjj¯mm¯ . (A.5)
The relations among the generators yield
• m+ m¯ = µˆ ,
• − 2l(2l− 1) + r = r− 2 = −2j(j − 1)− 2j¯(j¯ − 1) ,
• s = −j(j − 1) + j¯(j¯ − 1) ,
• L2 −R2 = 4J · J˜ ,
The final condition is equivalent to a constraint on the Clebsch-Gordan coefficients(
−l(l−1)−r+8mm¯
)
c1µˆrs
jj¯mm¯
= 2
(
c1µˆrs
jj¯,m−1,m¯+1(j−m+1)(j¯+m¯+1)+c1µˆrsjj¯,m+1,m¯−1(j−m−1)(j¯+m¯−1)
)
. (A.6)
In SL(2;R) WZW models, we set j = j¯ (this is important for level-matching), so let us apply this and set
s = 0. Then we have m+ m¯ = µˆ and
j(j − 1) = 2− r
4
=⇒ j = 1
2
± 1
2
√
3− r . (A.7)
B Affine SU(2) Level from Asymptotic Symmetries
The asymptotic symmetry algebra of a background is generated from ‘large gauge transformations’. Often
they contain exact symmetries of the background, such as Killing vectors of the theory. To be a bit more
concrete, the gauge symmetry (reducibility) parameters of the NS-NS fields of string theory are given by
vectors ξ and one-forms λ satisfying
∇ξΦ = 0 , Lξg = 0 , LξB + dλ = 0 . (B.1)
Asymptotic symmetry parameters solve these equations for large r only and are associated with finite,
integrable and asymptotically conserved charges (see appendix C for more details). They form a Lie algebra
under the bracket6 [(
ξ′, λ′
)
,
(
ξ, λ
)]
=
(
[ξ′, ξ] , [λ′, λ]
)
, (B.2)
where [λ′, λ] ≡ Lξ′λ − Lξλ′. The asymptotically conserved charges will satisfy a Lie algebra similar to that
of the asymptotic symmetry parameters, but it can also contain central terms such as the Brown-Henneaux
central charge of AdS3 [7].
B.1 S3 Affine Level
The S3 with metric ds2(S3) ∝ (dα2 + dβ2 + dγ2 + 2 cosβ dαdγ) has Killing vectors given by
k1 = cscβ sin γ ∂α + cos γ ∂β − cotβ sin γ ∂γ ,
k2 = cscβ cos γ ∂α − sin γ ∂β − cotβ cos γ ∂γ , (B.3)
k3 = ∂γ ,
6Note that the one-form gauge parameters λ are only defined up to a gauge transformation λ→λ + dφ for some function
φ. Under such a gauge transformation, [λ, λ′] → [λ+ dφ, λ′ + dφ′] = [λ, λ′] + d (Lξφ′ −Lξ′φ
)
. It is therefore enough that the
commutation relations be satisfied up to an exact one-form.
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with similar expressions for the other SU(2) factor. The gauge parameters are given by κa = −ka − ikaB
(ka are the 1-forms dual to the Killing vector fields, obtained by lowering an index with the string-frame
metric):
κ1 =
k
4
(
cscβ sin γdα+ cos γdβ + cotβ sin γdγ
)
,
κ2 =
k
4
(
cscβ cos γdα− sin γdβ + cotβ cos γdγ
)
, (B.4)
κ3 =
k
4
dγ .
While the global symmetry algebra is SU(2) × SU(2), we know that the algebra is enhanced to an
affine ŜU(2) × ŜU(2). Using the results of [15, 16], one can explicitly determine the asymptotic symmetry
parameters and compute the central extensions. Working in global coordinates on AdS3, we can write the
metric as
ds2(AdS3) ∝ − dt
2
1− ρ2 +
dρ2
(1− ρ2)2 +
ρ2
1− ρ2 dθ
2 , (B.5)
where 0 ≤ ρ < 1 and ρ → 1 is the boundary (ρ is related to a more common radial coordinate r through
r ≡ ρ√
1−ρ2
), we have the SL(2;R)× SL(2;R) Killing vectors
J− = 12e
−i(t+θ)
(
− ρ∂t − i(1− ρ2)∂ρ − 1ρ∂θ
)
, J¯− = 12e
−i(t−θ)
(
− ρ∂t − i(1− ρ2)∂ρ + 1ρ∂θ
)
,
J3 = − i2
(
∂t + ∂θ
)
, J¯3 = − i2
(
∂t − ∂θ
)
, (B.6)
J+ = 12e
−i(t+θ)
(
ρ∂t − i(1− ρ2)∂ρ + 1ρ∂θ
)
, J¯+ = 12e
−i(t+θ)
(
ρ∂t − i(1− ρ2)∂ρ − 1ρ∂θ
)
.
In [16], Kutasov and Seiberg wrote the spacetime affine ŜU(2) generators as
Ka(x, x¯) = − 1
π
∫
d2z ka(z, z¯)∂z¯Λ(x, x¯; z, z¯) , (B.7)
where Λ(y, y¯; z, z¯) is defined through its commutation relations with the spacetime SL(2;R)2 Killing vectors
[J−,Λ] = −∂yΛ , [J¯−,Λ] = −∂y¯Λ ,
[J3,Λ] = −(y∂y + 1)Λ , [J¯3,Λ] = −y¯∂y¯Λ , (B.8)
[J+,Λ] = 1− (y2∂y + 2y)Λ , [J¯+,Λ] = −y¯2∂y¯Λ ,
and Λ depends on (z, z¯) through the spacetime coordinates (t, ρ, θ), which one should now think of as
worldsheet scalar fields. Using the form of the Killing vectors in global coordinates (B.6), this determines
Λ(x, x¯; z, z¯) =
(x¯ − iρei(t−θ))
(x− iρei(t+θ))(x¯− iρei(t−θ))− (1− ρ2)e2it . (B.9)
Λ does not transform as a tensor in the dual theory, but ∂z¯Λ does, so we can perform a decomposition into
modes of Ka(x, x¯). As explained in [16], this quantity is holomorphic and has dual conformal dimension
(1, 0), so we have the modes
Kam = −
1
2π2i
∮
dxxm
∫
d2z ka(z, z¯)
−ei(t+θ)
ρ
(
x− iρei(t+θ)
)2(i∂z¯ ln(ρ) + ∂z¯(t+ θ))
=
m
π
∫
d2z ka(z, z¯)
( i
ρ
ei(t+θ)
)m−1 ei(t+θ)
ρ
(
i∂z¯ ln(ρ) + ∂z¯(t+ θ)
)
= − 1
π
∫
d2z ka(z, z¯)∂z¯
( i
ρ
ei(t+θ)
)m
. (B.10)
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Defining Γ ≡ iρei(t+θ), we can write this as
Kam =
∮
dz
2πi
ka(z, z¯)Γm , (B.11)
so these are normalized correctly to form the spacetime affine ŜU(2).
When we deform the sigma model action by adding one of these operators,
S′ =
1
4π
∫
d2z
{(
GMN +BMN
)
∂XM ∂¯XN
}
+Kam , (B.12)
it induces a combined transformation
(G,B)→ (G,B) − 2(ka ⊗s dΓm, ka ∧ dΓm) , (B.13)
where ka is the one-form obtained from the Killing vector ka by lowering with the string-frame metric.
We define kam as the vector field that induces this transformation on G, and κ
a
m as the one-form gauge
transformation for B. They are defined through the equations
δG = −2LkamG , δB = −2(LkamB + dκam) . (B.14)
The metric deformation comes from a large diffeomorphism, and the vector field kam can be computed, being
given by
− 2kam = −2Γmka . (B.15)
The transformation of the B-field is a combination of this diffeomorphism and a gauge transformation.
Equation (B.14) defines κam up to addition of a closed one-form. Guessing κ
a
m = Γ
mκa, we can write this as
ka ∧ dΓm = dιkamB + ιkamH + Γmdκa − κa ∧ dΓm
= Γm
(LKaB + dλa)− (ιKaB + λa) ∧ dΓm , (B.16)
suggesting
κa = −ka − ιkaB and dκa = −LkaB , (B.17)
which is consistent since dιkaB = LkaB − ιkaH3 and dka = ιkaH3 (noting that H3 ∝ fabcka ∧ kb ∧ kc and
dka ∝ fabckb ∧ kc). So we have the asymptotic reducibility parameters
Kam ←→
(
kam, κ
a
m
)
= Γm
(
ka, −ka − ιkaB
)
. (B.18)
Following appendix C, we expect a central term to appear in the algebra, and its value kst will arise from
computing ∫
kKam [δKbm(g,B), (g,B)] , (B.19)
with the charge one-form given by (C.6). The gravitational contribution kgKam can be shown to vanish. The
B-field contribution is obtained from (C.9) as
1
16πG6
∫
S1
AdS3
×S3
{
ιkbn
(
e−ΦδKamB ∧ ⋆H3
)
− e−Φ
(
ιkbnδKamB ∧ ⋆H3 +
(
ιkbnB + κ
b
n
) ∧ Lkam(⋆H3))}
=
1
16πG6
∫
S1
AdS3
×S3
{
e−ΦδKamB ∧ ιkbn
(
⋆H3
)− e−Φ(ιkbnB + κbn) ∧ dιkam(⋆H3)} , (B.20)
where S1AdS3 refers to the AdS3 boundary (parameterized by θ) and G
−1
6 = g
−2
s Vol(T
4)G−110 . Noting that(
ιkbnB + κ
b
n
)
= Γn
(
ιkbB + λ
b
)
= −Γnkb (Γn ∼ ein(t+θ)), this becomes
1
16πG6
∫
S1
AdS3
×S3
e−Φ
{
ka ∧ ΓndΓm ∧ ιkb
(
⋆H3
)− kb ∧ ΓmdΓn ∧ ιka(⋆H3)} , (B.21)
13
where we also used the fact that dkb ∧ ιka
(
⋆H3
)
is a 4-form on S3 and therefore vanishes. Similarly, we can
conclude that
∫
S3 ιka
(
kb ∧ ⋆H3
)
= 0, so we have
1
16πG6
∫
S1
AdS3
×S3
(n−m)ιkbka
{
Γm+n−1dΓ ∧ e−Φ⋆H3
}
, (B.22)
where we used the fact that ιkak
b = k4 δ
ab (ka is defined from ka using the string-frame metric, whereas the
Einstein frame metric is the one appearing elsewhere). When m+ n 6= 0, the integrand is periodic in θ, so
the integral vanishes. When m + n = 0, the integrands contains a θ-independent term linear in dθ, which
makes a nonvanishing contribution:
− k
16G6
mδabδm+n,0
∫
S3
e−Φ ⋆H3 =
k
16G6
mδabδm+n,0(2k)(2π
2)e−Φ =
(
2π2k
3
2 e−
3
4
Φ
)
4G6
√
k e−
1
4
Φ
2
mδabδm+n,0 .
(B.23)
Since the Einstein-frame volume of S3 is 2π2k
3
2 e−
3
4
Φ, the AdS3 radius is ℓ
2 = ke−
1
2
Φ, and the central
term should be kst2 mδ
abδm+n,0, the level is seen to be
kst =
√
k e−
1
4
Φ
4G3
=
ℓ
4G3
(B.24)
sinceG−13 = G
−1
6 Vol(S
3). Thus, the level of the spacetime affine ŜU(2) is consistent with the two-dimensional
N = (4, 4) superconformal algebra which demands the level be cst6 . It is interesting to observe that while
the Brown-Henneaux central charge came exclusively from the gravitational sector of the theory, the affine
level originates purely in the B-field gauge transformations contributions.
B.2 Warped S3 Affine Level
From the coordinate transformation (2.4), we know that we will always locally have SU(2)× SU(2) Killing
vectors, but that these will only respect the global identifications when 2hR√
k
∈ Z. We can then only write
down the spacetime affine ŜU(2)× ŜU(2) when this condition holds, and in those cases we will obtain the
same result as above for the level of the spacetime affine ŜU(2)× ŜU(2) since it is precisely those cases in
which the global structure of the spacetime is S3 × S1, the case analyzed above.
C Computation of Surface Charges
This appendix reviews the formalism of [46–48] which we use to compute asymptotically conserved charges
for our ten-dimensional theory (see also [49] and appendix A of [50]). Our D-dimensional theory takes the
generic form
I =
1
16πG
∫ (
R ⋆ 1l− 1
2
⋆ dχ ∧ dχ− 1
2
eα.χ ⋆H ∧H
)
, (C.1)
where χ is a scalar field andH is a three-form field strength. We will denote the set of fields by φ = (g,B, χ),
whereB is a two-form potential forH. Associated to every asymptotic Killing vector ξ,7 there is a space-time
D − 2 form
kξ[δφ;φ] (C.2)
that is linear in δφ and its derivatives — it is a one-form in ‘field space’. kξ[δφ;φ], which can be constructed
by a well-defined algorithm that depends only on the equations of motion, is the basic ingredient in the
definition of asymptotically conserved charges [46–48] (a similar expression exists for any gauge symmetry
parameter of the theory). It enjoys the following properties:
7Asymptotic Killing vectors are defined as diffeomorphisms that satisfy the Killing equations in an asymptotic region and
are associated with finite, conserved, and integrable charges.
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• Given a solution to the equations of motion, φ˜, and a variation δφ that satisfies the linearized equations
of motion around φ = φ˜, then for every exact Killing vector ξ of the background φ˜, there exists a
conserved quantity
δQξ ≡
∮
S
kξ[δφ; φ˜] (C.3)
that only depend on the homology class of the (D − 2)-surface S. δQξ defines the difference in charge
between the backgrounds φ˜ and φ˜+ δφ and is unique [51].
• When ξ is an asymptotic Killing vector, the difference in charge between the solutions φ˜ and φ˜+ δφ is
given by
δQξ ≡ lim
r→∞
∮
Sr
kξ[δφ; φ˜] . (C.4)
• Since kξ[δφ; φ˜] is constructed purely of the equations of motion and solutions φ˜ and φ˜+ δφ, it does not
depend on boundary terms in the action.
• Since kξ[δφ;φ] is a linear functional of the equations of motion, it can be expressed as a sum of terms
arising from each contribution to the Lagrangian.
• Given two solutions, φ¯ and φ˜, in the same phase space, for each asymptotic Killing vector ξ, the
difference in charge between φ¯ and φ˜ is given by
Qξ[φ˜, φ¯] ≡ lim
r→∞
∮
Sr
∫
γ
kξ[δφ
′, φ′] +Nξ[φ¯] , (C.5)
where γ is a path in field space connecting φ¯ with φ˜, δφ and its derivatives are a basis for the line
element along γ, and Nξ[φ¯] is an arbitrary normalization constant. Demanding that the charge be
independent of the path γ implies an integrability condition that restricts the field space of φ as well
as the space of asymptotic Killing vectors.
Additional properties of the charge form (C.2) are discussed in [52, 53].
For the Lagrangian (C.1), the contributions to the (D − 2)-form can be split into four pieces:
kξ[δφ;φ] = k
g
ξ [δg; g] + e
αχkBξ [δφ;φ] + k
χ
ξ [δφ;φ] + k
B suppl
ξ [δφ;φ] . (C.6)
The gravitational contribution to the charge form is given by [46, 54]
k
g
ξ [δg; g] = −δQgξ − iξΘg[δg]−EgL[Lξg, δg] , (C.7)
where
Q
g
ξ = ⋆
(1
2
(Dµξν −Dνξµ)dxµ ∧ dxν
)
, (C.8a)
Θg[δg] = ⋆
(
(Dσδgµσ − gαβDµδgαβ) dxµ
)
, (C.8b)
E
g
L[δ2g, δ1g] = ⋆
(1
2
δ1gµαg
αβδ2gβνdx
µ ∧ dxν) . (C.8c)
The term (C.8a) is known as the Komar (D − 2)-form while EgL, which does not appear in the Iyer-Wald
formalism [55], vanishes for exact Killing vectors but may be relevant for asymptotic symmetries. In (C.7)
above and (C.9) below, δ is an operator that acts only on the fields φ, not on the asymptotic Killing vectors
ξ. The p-form contribution to the charge form (here p = 2) is given by [56]
kBξ [δφ;φ] = −δQBξ + iξΘB −EBL [LξB, δB] , (C.9)
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where
QBξ = iξB ∧ ⋆H , ΘB = δB ∧ ⋆H , (C.10)
EBL [δ2B, δ1B] = ⋆
(1
2
1
(p− 1)!δ1Bµα1···αp−1δ2B
α1···αp−1
ν dx
µ ∧ dxν) . (C.11)
Finally, the last two terms are given by
k
χ
ξ [δφ;φ] = iξ
(
⋆ (dχδχ)
)
, (C.12)
k
B suppl
ξ [δφ;φ] = α δχ e
−α.χQBξ . (C.13)
The next step is the representation of the algebra of asymptotic Killing vectors by the asymptotically
conserved charges (C.5). For this, we need to define a set of fields (φ, δφ) (the phase space of the theory) and
gauge parameters ξ (the asymptotic symmetries) such that the charges Qξ[φ, φ¯] are all finite, asymptotically
conserved, and integrable for all φ and φ¯ in the phase space. One can then show (modulo a technical
assumption) that for any solutions φ and φ¯ in the phase space, and for any asymptotic symmetries ξ, ξ′, λ′,
the Dirac bracket defined by {
Qξ[φ, φ¯], Qξ′ [φ, φ¯]
} ≡ ∮
S∞
kξ[Lξ′φ, ;φ] (C.14)
can be written as {
Qξ[φ, φ¯], Qξ′ [φ, φ¯]
}
= Q[ξ,ξ′][φ, φ¯]−N[ξ,ξ′][φ¯] +Kξ,ξ′ [φ¯] , (C.15)
where
Kξ,ξ′ [φ¯] =
∮
S∞
kξ[Lξ′ φ¯; φ¯] (C.16)
is a central extension that is nontrivial only if it cannot be reabsorbed into the normalization N[ξ,ξ′][φ¯]. An
important observation is that the central term can be computed from the data of a background only, inde-
pendent from the definition of a phase space (and when the phase space is known, the result is independent
of the choice of a background in the phase space).
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